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CSJ , Abstract. We study certain modules over the algebra of a Cartier divisor 

on a scheme. Using these modules, we present an inductive method for 
, studying finite generation properties of algebras and modules. In the context 

of the minimal model program, we show that finite generation of log canonical 
algebras and modules is equivalent to the minimal model and abundance 
conjectures. 
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1. Divisorial algebras and modules 



. Let X be a projective scheme over a (commutative) Noetherian ring A. For 

^ ' any Cartier divisor L on X we have the graded ring 

R(L) := 0i7°(X,mL) 

m>0 

^ ■ where m runs through the non-negative integers. This is actually a graded 

. algebra over the ring Rq := H^{X^ Gx) = The structure morphism 

X — )■ Spec A gives a canonical ring homomorphism A ^ Rq making RiV) an 
algebra over A. Since i?o is a finitely generated A-module, RiV) is a finitely 
generated i?o-algebra iff it is a finitely generated A-algebra. We refer to RiL^ 
as a divisorial algebra. 

The problem of finite generation of divisorial algebras is fundamental in alge- 
braic geometry and we will see that divisorial modules naturally appear when 
one attempts to approach this problem. We study this problem in a very general 
setting and we are ultimately interested in the birational geometry of schemes. 
However, our methods are very relevant to the traditional setting of birational 
geometry of varieties over an algebraically closed field. 
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For each i^x-niodule ^ on X and each integer p, we have the graded R{L)- 
module M^{L) = 0„g2 Mm where Mm = if m < p but 

Mm = H'^{X,^{mL)) 

a m > p. Here ^{mL) stands for ^ iP'x{mL) and the module structure 
is given via the pairing 

i7°(X, mL) H^{X, ^{nL)) ^ H^{X, ^{{m + n)L)) 

We refer to M^(L) as a divisorial module. When ^ = ffx{D) for some divisor 
D we often write Mfj{L) instead of M^^^^^{L). When L = I{Kx + S) for a 
log canonical pair (X, B) and integer J > 0, we refer to R{L) as a /og' canonical 
algebra and refer to the module M^{L) as a log canonical module. 

The above graded rings and modules are of course nothing new. Grothendieck 
studied them in some detail (for example see EGA III-l [TJ §2]). Strictly speak- 
ing he considers all values m G Z but in practice the summands H^{X,mL) 
and H^{X, ^{mL)) usually vanish for m ^ 0, eg when L is ample. However, 
we look at divisorial modules in the sense of birational geometry, in particular, 
their finite generation properties. So, it makes sense to restrict ourselves to 
non-negative m or at least m > p for some fixed p. We should remark that 
we could define algebras and modules using an invertible sheaf C in place of a 
Cartier divisor. Some of the results would still make sense and will be true in 
this setting (eg. Theorem 1.1). 

Results of this paper. In section 2, we prove some of the basic properties 
of divisorial modules, in particular: 

Theorem 1.1. Let X he a projective scheme over a Noetherian ring A and L 
a Cartier divisor on X such that R{L) is a finitely generated A-algebra. We fix 
an integer p and an invertible sheaf ^xi^) very ample over Spec A. Then we 
have: 

• Assume that M^^i^^~^{L) is a finitely generated R{L) -module for any / 3> 0. 
Then M^{L) is a finitely generated R{L) -module for any reflexive coherent sheaf 
^ . If X is integral, the same holds for any torsion-free coherent sheaf ^ . 

• Let ^ he a coherent sheaf and I > an integer. For each < i < I , 
assume that M^^.^^(/L) is a finitely generated R{IL) -module where qi & Z is 
the smallest number satisfying qil + i > p. Then M^{L) is a finitely generated 
R{L) -module. 

In section 3, we give necessary and sufficient conditions for algebras and 
modules to be finitely generated in terms of finite generation of restriction of 
algebras and modules to subschemes: 

Theorem 1.2. Let X be a projective scheme over a Noetherian ring A and 
L = hLi CL Cartier divisor where k > are integers and Li ^ are effective 
Cartier divisors. Assume that if°(X, —Li) = 0. Fix an invertible sheaf &x{^) 
very ample over Spec A. Then, the following are equivalent: 
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• R{L) is a finitely generated A-algehra and M^{L) is a finitely generated 
R{L) -module for any reflexive coherent sheaf ^ and any p; 

• for each S = Lj, the restriction R{L)\s is a finitely generated A-algebra, 
and the restriction M^^^j^(L)|5 is a finitely generated R{L)\s -module for any 
Z>0. 

Using this theorem and the available extension theorems (eg, Hacon-M'^Kernan) 
it should not be too difficult (but not simple) to give another proof of finite gen- 
eration of Ic rings of kit pairs even without the minimal model program. We 
hope that the theorem will be useful for proving finite generation of Ic rings of 
Ic pairs. 

In section 4, we show that finite generation of log canonical algebras and 
modules is closely related to the minimal model and abundance conjectures: 

Theorem 1.3. Assume that {X/Z, B) is Ic and assume that there is a positive 

integer I such that L := I{Kx + B) is Cartier and pseudo- effective/ Z where 
Z = Spec A. Then, {X/Z,B) has a log minimal model {Y/Z,By) on which 
Ky + By is semi-ample/ Z iff 

• R{L) is a finitely generated A-algebra, and 

• for any very ample/ Z divisor G the module Mq{L) is finitely generated over 
R{L). 

Conventions. In this paper, all rings arc commutative with identity. A 
graded ring is of the form R = 0„j>o Rm, that is, graded by non-negative 
integers, and a graded module is of the form M = ©^gzAfm; that is, it is 
graded by the integers. For an element (...,«,...) of degree m we often abuse 
notation and just write a but keep in mind that a has degree m. A graded ring 
R — ®m>o called an A-algebra if there is a homomorphism A ^ Rq and 

multiplication of elements of A with elements of R is induced by A ^ Rq. 

2. Basic properties of divisorial modules 

Definition 2.1 If i? = ©m>o-Rm is a graded ring and I a positive integer, 
we define the truncated ring R^^^ = ©,„>o R'm R'm — Rm '^^ I\'m and R'^ = 
otherwise. Note that the degree structure is different from the usual definition 
of truncation. However, it is more convenient for us to define it in this way. 

Remark 2.2 (Truncation principle for algebras) Fix a positive integer /. As- 
sume that i? is a graded ring, i?o is a Noetherian ring, and R is an integral 
domain. Then i? is a finitely generated it!o-algebra iff is a finitely generated 
i?o-algebra. 

A similar statement for modules is less straightforward. 

Remark 2.3 (Truncation principle for modules) Fix a positive integer I. 
Let R he a, graded ring and let M — 0^^^ be a graded it!-module. Let 
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= ®m&^rn,i where Nm,i = Mm if m = i( mod/) but A^„i,i = otherwise. 
Then, each Ni is a graded module over i?'^' and we have the decomposition 

M ~ A^o © A^i © • • • © Ni_i 

as graded i^'^'-modules. If the modules iVo, . . . , iV/_i are finitely generated over 
R^^\ then M is also a finitely generated it^t^'-module hence a finitely generated 
i?-module too. 

Lemma 2.4. Let X he a projective scheme over a Noetherian ring A. Assume 
that M^{L) is a finitely generated R{L) -module where ^ is coherent. Then 
Mjf{L) is also a finitely generated R{L) -module for any q < p. If in addition 
R{L) is a finitely generated A- algebra, then M^{L) is a finitely generated R{L)- 
module for any q. 

Proof. The elements of M^(L) of degree < p arc given by 

H'^iX, ^{qL)) © • • • © H\X, ^{{p - 1)L)) 

and this is a finitely generated Rq = H^(X, ^x)-iiiodulc as is coherent. The 
elements of M^{L) of degree > p are given by M^(L). So, the first claim 
follows. The second statement follows from the fact that ii p < q, then we have 
an inclusion M^(L) C M^(L), and R{L) and M^{L) are Noetherian. 

□ 

Theorem 2.5. Let X be a projective scheme over a Noetherian ring A and L 
a Cartier divisor on X such that R{L) is a finitely generated A-algebra. We fix 
an integer p and an inveriible sheaf &x{^) very ample over Spec A. Then we 
have: 

(1) Assume that M^^^^^{L) is a finitely generated R{L)-module for any I ^ 0. 
Then M^{L) is a finitely generated R{L)-module for any reflexive coherent sheaf 
^ . If X is integral, the same holds for any torsion-free coherent sheaf ^ . 

(2) Let ^ be a coherent sheaf and I > an integer. For each < i < I , 
assume that M^^-^^{IL) is a finitely generated R{IL) -module where qi E is 
the smallest number satisfying qil -\- i > p. Then M^{L) is a finitely generated 
R{L)-module. 

Proof. (1) The first statement: there is a surjective morphism ^x{—lj) 

where Ij ^ and V stands for dual. Taking the dual of this morphism 
gives an injective morphism 

r 

i=i 

which in turn gives an injective map M^(L) -> M^{L). By assumptions, 
Mg[L) is finitely generated over R{L) which in particular means that M^(L) 
is Noetherian as R{L) is Noetherian. Therefore, each submodule of Mg{L) is 
also finitely generated over R{L), in particular, M^{L). 
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The second statement: since X is integral, if ^ is any torsion-free coherent 
sheaf, the natural morphism ^ — )■ is injective (cf. [H][II1 Lemma 2.5]). 

So, we get an injective map Af^(L) — )■ Af^vv(i^) and the claim follows from the 
first statement as is a reflexive sheaf. 

(2) We can write M^(L) ~ A^o © A^i © ■ ■ ■ © A^/-i as in Remark O Let N[ be 
the module over R{IL) whose n-th degree summand is just Nni+i,i = Mni+i- In 
fact, N[ = M^|.^j^^(/L) where G Z is the smallest number satisfying qil+i > p. 
By assumptions, N- is a finitely generated i?(/L)-module. Therefore, iVj is a 
finitely generated i?(L) -module and we can use Remark 12.31 Note that the 
degree m elements of R{IL) are the same as the degree ml elements of i?(L)[^l, 
and the degree n elements of are the same as the degree nl + i elements of 

□ 

Example 2.6 In this example, we show that Theorem 12.51 (1) does not hold 
if we drop the relfexive and torsion-free properties. Take a Lefschetz pencil on 
where n > 2, blow up the base locus to get g: X — )■ P^, and let /: X — )■ P^ 
be the corresponding Lefschetz fibration. Let G be a very ample divisor on X 
and L the effective exceptional/PJ^ divisor satisfying g*g*G = G + L. Since L 
is exceptional and effective, we have 

R{L) = C © C © • • • 

which is a finitely generated C-algebra. Moreover, for each m > 0, 

H°{X, mL + G) = iJ°(X, (m - 1)L + g*g^G) = H°{X, g*g^G) 

which is independent of m hence Mq{L) is a finitely generated i?(L)-module. 

On the other hand, if F is a general fibre of /, then g*g^,F = F + E for some 
effective exceptional divisor E so E\f = g*g^,F\F is a big divisor. The support 
of L contains the support of E hence L|i? is also a big divisor. Now put ^ = 
which is not reflexive nor torsion-free. Then, for each m we have 

i7°(X,^(mL)) = GF{mV)) 

and its dimension grows like m"~^ as L\p is big. This implies that M^(L) is 
not a finitely generated i?(L)-module. In fact, fix a positive integer e and let X 
be the submodule of M%{V) generated by the elements of degree < e. Then, 
for any m ^ 0, the degree m homogeneous piece of X is a C- vector space of 
dimension at most 

h\F, ep) + h\F, ^^(L)) + ■ ■ ■ + h\F, GpieL)) 

which cannot grow like m"~^. 

Theorem 2.7. Let X he a projective scheme over a Noetherian ring A and 
assume that L is a Cartier divisor such that R{L) is a finitely generated A- 
algebra. Moreover, suppose that IL E + G for some positive integer I where 
E is effective and G is ample over Spec A. Then, M^{L) is a finitely generated 



6 



GAUCHER BIRKAR 



R{L) -module for every p and every reflexive coherent sheaf ^ . If X is integral, 
the same holds for any torsion-free coherent sheaf ^ . 

Proof. We may assume that G is very ample over Spec A. By Theorem 12.51 
(1), it is enough to verify the finite generation of Mf^lL) where / ^ 0. Since 
IIL IE + IG and IE is effective, there is an injective map 

By Lemma [231 it is enough to show that M^j^l{L) is a finitely generated R{L)- 
module. Now the elements of degree -// are H^{X, -IIL + IIL) = ^x) 
which contains 1 G iT'xiX). If a G M[}''^{L) is a homogeneous element of degree 
m > —II, that is, an element of H^{X,mL + IIL), then a = a ■ 1 where we 
consider the second a as an element of R{L) of degree m + ll and we consider 
1 as an element of M^^^l{L) of degree —II. So, M^/l{L) is generated over R{L) 
by the element 1 of degree — //. □ 



3. Inductive finite generation of divisorial algebras and 

MODULES 

Let X be a projective scheme over a Noetherian ring A, and let L be a Cartier 
divisor on X. One of the main ideas that one might use to prove that R{L) is 
a finitely generated A-algebra, is by induction on dimension, that is, restriction 
to subschemes. For each closed subscheme S* of X we have the exact sequence 

^simL) ffx{mL) ffs{mL) 

which gives the exact sequence 

^ H\X, J^simL)) -> R{L) = H\X, ^x{mL)) 4 H\S, ffs{mL)) 

m>0 m>0 m>0 

We can try to use such sequences for the induction process. However, we face 
two main issues here: we need the finite generation of the image of (j) and we 
need to relate the kernel of to the finite generation of R{L). If we denote the 
image of by R{L)\s, then we have the exact sequence 

^ M%{L) ^ R{L) R{L)\s ^ 

In this section, we show that the theory of divisorial modules provides a con- 
venient way for dealing with the kernel issue. The main idea is to consider 
M^^{L) as an i?(L)-module. Assume that My^(L) has no non-trivial elements 
of degree zero, i.e. H^{X, J's) = 0. Then, R{L) is a finitely generated A-algebra 
iff R{L)\s is a finitely generated A-algebra and M^^{L) is a finitely generated 
i?(L)-module (see Lemma ISTTj) . Needless to say, if we take S to be arbitrary we 
should not expect to get much information from the above sequences. Instead, 
one has to choose the S carefully. 

Now let ^ be an iP'x-Taodule. The exact sequence 

^ (g) J^simL) ^ ® GximL) -> ^ O ^si^L) 
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induces a map 

hence a map M^(L) M^^^^i^L) of i?(L)-modules. We denote the image of 
the latter map by M^{L)\s and call it the restriction of M^(L) to S. Note 
that M^{L)\s is a module over R{L)\s. If ^ is locally free, then we have an 
exact sequence 

^ M^^,,,,(^) ^ M^^{L) ^ M^(L)|5 ^ 

Now assume in addition that S* = L is an effective Cartier divisor. Then, 
ffx{~L) — hence there is an injective morphism ^x{—L) Gx whose im- 
age is ^i^. We then get an injective morphism Gx — ^ Gxi^L). Let a e H'^{X, L) 
be the image of 1 G &x)- Then, a is a homogeneous element of R{L) 

of degree one, and in the above exact sequence we can replace Ai^r^^^^^L) 
M^{L) with the map M^^^_^-^{L) M^{L) which is given by multiplication 
with a. 

Lemma 3.1. Let A be a Noetherian ring and let 

m>0 m>0 

be a surjective graded homomorphism of graded A-algebras. Assume further that 
Rq — 7- To is an isomorphism. Let K = ker</). Then, R is a finitely generated 
A-algebra iff T is a finitely generated A-algebra and K is a finitely generated 
R-module. 

Proof. If is a finitely generated A-algebra, then the claim is obvious as R 
would be Noetherian. Conversely, assume that T is a finitely generated A- 
algebra and K — 0j„>o Km is a finitely generated i?-module. We may assume 

that K ^ Let be homogensous elements of R mapping to a set 

of generators of T over A, and let . . . , /3s be a set of non-zero homogeneous 
generators of K over R. Since Rq Tq is an isomorphism, Kq = 0, hence 
deg^i > for every i. Moreover, Rq ~ Tq is a finitely generated 74-module 
hence we could assume that A = Rq. 

We will prove that R is generated as an A-algcbra by the elements ctj and 
We prove the claim by induction on degree. Pick 7 G i? homogeneous of 
degree m and assume that the claim is true for elements of degree < m. Then, 
7 = 7i -|- 72 where 7j are homogeneous of degree m, 71 is a polynomial over A in 
the ttj, and 72 G K. We can write 72 = ^fljA where ai E R are homogeneous 
and deg aif3i = m for each i. In particular, dcga^ < m because dcg/3.j > 0. By 
induction, each is a polynomial over A in the and 13 j. Therefore, the same 
holds for 7. 

□ 
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Lemma 3.2. Let R be a ring and — t- Af — )■ M — )■ M" an exact sequence 
of R-modules. If M' and M" are finitely generated over R, then M is also 
finitely generated over R. 

Proof. We can think of M' as a submodule of M. Let ai, . . . , a,, be elements of 
M whose images generate M" over R, and let (3i, . . . , f3t be generators of M'. 
Each 7 G M can written as 7 = 71 + 72 where 72 belongs to the submodule 
generated by the and 72 G M'. But then 7 belongs to the submodule 
generated by the and (3j. 

□ 

Theorem 3.3. Let X be a projective scheme over a Noetherian ring A and 
L = hLi a Cartier divisor where k > are integers and Lj 7^ are effetive 
Cartier divisors. Let ^ be a locally free coherent sheaf on X. Assume that, for 
each S = Lj, the restriction M^^_^,^{L)\s is a finitely generated R{L)\s -module 
for any C = J^'^i^i where Ci G [0, /»] are integers and Cj < lj. Then, Mjf{L) is 
a finitely generated R{L) -module. 

Proof. Let C = ^ CjLj where < Ci < k are integers. Assume that in the exact 
sequence 

^ M^(_^)(L) ^ M^(L) ^ M^(L)|c ^ 

the module Mj(L)|c is a finitely generated i?(L)|(7-module. The surjection 
R{L) — )■ R{L)\c makes M^{L)\c into a finitely generated -R(L)-module. We 
increase C inductively so we could have started with C = at the first step. 
Assume that C ^ L and let S = Lj such that Cj < lj. We have an exact 
sequence 

where by assumptions M^^_^,^{L)\s is a finitely generated i?(L)|5-module hence 
a finitely generated i?(L)-module. By induction and by Lemma [3^ the module 
in the middle in the exact sequence 

n , ^k-c)(L) M^^jL) M^L) 

is finitely generated over R{L) which in turn implies that in the exact sequence 
^ M^(_^_^)(L) ^ Ml{L) ^ Ml{L)\c+s ^ 

the module M'^[L)\c+s is a finitely generated i?(L)-module. By continuing this 
process we reach the situation C + S = L. In particular, we deduce that in the 
exact sequence 

^ M^(_^)(L) ^ Ml{L) ^ MI{L)\l 

the module M^{L)\l is a finitely generated i?(L)|/,-module hence a finitely 
generated i?(L)-module. Suppose that it is generated by the images of homo- 
geneous elements 71,..., 7^ G M^(L). Let be the submodule of M^(L) 
generated by these elements. 
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Pick a homogeneous element /3 G M^{L) of degree m. Then, we can write 
(3 = (3i + where f3i is homogeneous of degree m in A^, and (32 is in the image 
of the map M^^_j^^{L) — )■ M^(L). But this map is nothing but multiphcation 

with a for some a G H^{X, L). Thus, (32 = a ■ (3^ where (3^ is a homogeneous 
element of M^^_^^{L) of degree m, that is, 

(32 G H^X, ^{-L){mL)) ~ /7°(X, ^((m - 1)L)) 

Since the degree m — 1 elements of M^(L) are just H^{X, ^((m — 1)-^^)), we 
can consider (3^ as an element of M^{L) of degree m — 1. We can repeat this 
process with (3^ in place of (3 and at the end write (3 as Ui + u)2 where Ui & N 
and U2 has bounded degree. This implies the claimed finite generation. 

□ 

Theorem 3.4. Let X he a projective scheme over a Noetherian ring A and 
L = hLi a Cartier divisor where h > are integers and Li ^ are effective 
Cartier divisors. Assume further that H^{X, —Lf) = 0. Then, the following 
are equivalent: 

(1) R{L) is a finitely generated A-algebra; 

(2) R{L)\l-^^ is a finitely generated A-algebra, and for each S = Lj, the re- 
striction M^Q.{L)\s is a finitely generated R{L)\s-module for any C = ^CiLi 
where Ci G [0, li\ are integers and cj < lj. 

Proof. (1) =^ (2): Since is a finitely generated A-algebra, it is a Noether- 
ian ring. Obviously, each restriction R{L)\s is a finitely generated A-algebra. 
On the other hand, for each C as in the theorem, M^(j{L) is isomorphic to an 
ideal of R{L) hence it is a finitely generated i?(L)-module which in turn implies 
that M^(j{L)\s is a finitely generated i?(L) l^-module. 

(2) =^ (1): Let S = Li and consider the exact sequence 

^ M%{L) ^ R{L) R{L)\s 

Since H°{X, -Li) = 0, H^{X, 0) H^{S, 0) is injective hence R{L) R{L)\s 
is an isomorphism in degree zero. Thus, by Lemma 13. R{L) is a finitely 
generated A-algebra iff M'^gi^L) is a finitely generated i?(L)-module because we 
have assumed that R{L)\s is a finitely generated A-algebra. For the rest we 
argue similar to the proof of Theorem 13.31 

Let C = ^ CjLj where < Cj < /j are integers. Assume that we have already 
proved that M°^^ (L) is a finitely generated i?(L)-module iff M°(^(L) is a finitely 
generated -R(L)-module. We increase C inductively so we could have started 
with C = Li at the first step. Assume that C ^ L and let S = Lj such that 
Cj < lj. We have an exact sequence 

^ M^^siL) ^ M°^(L) ^ M^_c{L)\s 

where by assumptions M^^{L)\s is a finitely generated i?(L)|5'-module hence a 
finitely generated -R(L)-module. Thus, M°^^(L) is a finitely generated R{L)- 
module iff M^^(L) is a finitely generated i?(L)-module iff M°^_5.(L) is a finitely 
generated -R(L)-module. We continue this until we reach the situation L = 
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C + S. In that case, M°^^(L) is a finitely generated i?(L)-module iff M^i^{L) 
is a finitely generated -R(L)-module. But M^^{L) is generated by the element 
1 G M^j^{L) of degree one. 

□ 

Theorem 3.5. Let X he a projective scheme over a Noetherian ring A and 
L = ULi a Cartier divisor where k > are integers and 7^ are effective 
Cartier divisors. Assume that H^{X, —Li) = 0. Fix an invertible sheaf ^xiX) 
very ample over Spec A. Then, the following are equivalent: 

(1) R{L) is a finitely generated A-algebra and M^{L) is a finitely generated 
R{L) -module for any reflexive coherent sheaf ^ and any p; 

(2) for each S = Lj, the restriction R{L)\s is a finitely generated A-algebra, 
and the restriction M^^(-j^(L)|5 is a finitely generated R{L)\s-module for any 
/ > 0. 

Proof. (1) =^ (2): Obvious. We prove the converse. Let ^ be any coherent 
locally free sheaf on X. There is a surjective morphism tt: 0" ^x{—li) ^ 
where U S> 0. Put S'l = <ffx{h)- The kernel of vr is also locally free as 
and Si are both locally free. Assume that the kernel is ^2 . Then, by dualising 
we get an exact sequence 

If $f is any coherent sheaf on X, then the sequence 

^ ^ ^ ^ Si ^ ^2 ^ ^ 

is again exact (cf. [31 Theorem 3.1.8]). 

Now let S = Lj for some j. Then, the horizontal arrows in the commutative 
diagram 

^(mL) ^ Si{mL) 

^{mL) ffs ^ Si{mL) 

are injective hence M^^{L)\s is a submodule of M| {L)\s. By our assumptions, 
Mg^{L)\s is a finitely generated i?(L)|5-module. Therefore, M^^{L)\s is also a 
finitely generated i?(L) |5-module as R{L)\s is Noetherian by assumptions. Now 
simply apply Theorem 13.41 and Theorem 13.31 to prove that R{L) is a finitely 
generated A-algebra and to show that M^(L) is a finitely generated R{L)- 
module for ^ locally free, in particular, for ^ of the form Finally, 
apply Theorem 12.51 and Lemma 12.41 to get the claim for any reflexive coherent 
^ and any p. 

□ 

Remark 3.6 In Theorem 13.31 we use the successive restrictions to the various 
Li in order to prove that in the exact sequence 

^ M%,^AL) M%{L) ^ M%{L)\l ^ 
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the restriction M^{L)\l is a finitely generated -R(L)|2,-module. In practice, it 
might be easier to verify finite generation of the restrictions on the Li rather 
than directly on L, eg when Lj are prime divisors on a normal variety X over an 
algebraically closed field. So, it is crucial to allow the extra flexibility. Similarly, 
in Theorem 13.41 we could use the exact sequence 

^ M°^(L) ^ R{L) -> R{L)\l 

where if R{L)\l is a finitely generated A-algebra, then R{L) would also be a 
finitely generated A-algebra as can be easily checked. But again it is probably 
easier to verify finite generation on the Li rather directly on L. 

Remark 3.7 Let X be a normal variety over an algebraically closed field k. 
We can interpret sections of divisors on X as rational functions. For example 
if Z) is a Weil divisor on X, then we can describe <ffx{D) in a canonical way as 

i^x{D){U) = {fe K{X) I (/) + D\u > 0} 

where U is an open subset of X and K{X) is the function field of X. li D' ^ D, 
then of course ffx{D') — ffx{D) but these sheaves are not identical, i.e. they 
have different embedding in the constant sheaf associated to K{X). To restrict 
the rational functions in if°(X, D) = &x{D){X) to a prime divisor S we usually 
need to move D to get it right. It is enough to choose ~ D so that S is not 
a component of D' . In this case, the rational functions in H^{X,D') have no 
poles along S hence they can be restricted to S. Moreover, if D" ~ D is another 
divisor whose support does not contain S, then the restrictions of H^{X,D') 
and H^{X, D") to S are isomorphic as A;-vector spaces. 

Example 3.8 In this example, we illustrate Theorem 13.41 in a more familiar 
setting. Let X be a smooth projective variety over an algebraically closed field 
k. Assume that L = Li + 2L2 where Li,L2 are distinct prime divisors. Let 
L'i ~ Li so that Li, L2, L[, L2 are pairwise with no common components. Let 
L' = L[ + 2L2. Obviously, R{L) is a finitely generated fc-algebra iff R{L') is so. 
Assume that the restriction of R{L') to Li is a finitely generated fc-algebra. We 
have the exact sequence 

^ M\(L') -> R{L') ^ RiL')\L, ^ 

According to Lemma IXTl R{L') is a finitely generated fc-algebra iff M°^^(L') is 
a finitely generated i?(L') -module. 

Now M^j^^ {L') ~ {L') and we have the exact sequence 

^ M'_^,_^^{L') ^ M'_^,iL') ^ M°^, ^ 

So, assuming that M°^, ^2 is a finitely generated module over the restriction 
/?(L')|l2, M^_^,{L') is a finitely generated i?(L')-module iff M°^,_^^(L') is a 
finitely generated i?(L')-module. Moreover, M°^, _^^(L') ~ M°^, (L') and 
we have the exact sequence 

^ M\_^,^_^^{L') ^ M0^,_^, (L') ^ M0^,„^, (L')U. ^ 
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So, assuming that M^^,^_^,^{L')\l2 is finitely generated over R{L')\l2, M°^,^_^^(L') 
is a finitely generated i?(L')-module iff M'^^, _^^{L') is a finitely generated 
i?(L')-module. Finally, note that 

and that M^^,{L') is finitely generated as an i?(L')-module because if /3 G 
M^^,{L') is homogeneous of degree m > 0, then /9 = /3 ■ 1 where the /3 on the 
right hand side is considered as an element of R{L') of degree m — 1 and the 
1 is considered as an element of M°^, (L') of degree 1. So, we have the desired 
finite generation. 

Remark 3.9 Let (X, B) be a projective log smooth dlt pair over C, and 
B rational. Assume that I{Kx + B) is integral for some positive integer /. 
Moreover, assume that I{Kx + B) ~ L = ^ /jLj > where Lj are prime 
divisors. Let S = Lj for some j. To prove that R{L)\s is a finitely generated 
algebra, one can hope to somehow relate it to the algebra R{L\s). This is 
difficult to achieve for arbitrary S. However, if S" is a component of [SJ , then 
it is expected that finite generation of R{L)\s is closely linked with the finite 
generation of R{L\s) because L\s ^ I{Ks + Bs) = I{Kx + B)\s where {S, Bs) 
is dlt. The ideal situation is when every component of L is a component of \_B\ 
(i.e. 9{X,B,L) = with the notation in [2, Definition 2.1]). 
In general, when 6{X, B,L) 7^ 0, one can increase B to create B > B so that 

Supp(5 -B)C Supp L C Supp [B\ 

in particular 6{X, B,L) = where L ~ I{Kx + B) and Supp L = Supp L. One 
could first try to prove that R{L) is finitely generated and then try to chace 
the finite generation back to R{L). This process is one of the main techniques 
employed in the papers |5] |1] |2] [6] in the context of the minimal model program. 



4. Log ganonigal modules and minimal models 

Set up. In this section, we work with quasi-projective varieties over k = C 
unless stated otherwise. Throughout the section, we let X — >• Z = Spec A be 
a projective morphism of normal varieties over k with Z being affine. In some 
places we take a boundary i? on X. 

We use the notion and notation of pairs and log minimal models as in [2]. We 
use the numerical Kodaira dimension as introduced by Nakayama [10] . Let D 
be a Weil divisor on X. If /i°(X, D) 7^ 0, we let YixD to be the largest effective 
Weil divisor satisfying FixD < D' for any effective divisor D' ~ D. We let the 
movable part of D to be MovD = D — FixD. In particular, H^{X, Mov D) = 
H%X,D). 
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Theorem 4.1. Assume that {X/Z,B) is Ic and L := I{Kx + B) is C artier for 
some integer I > 0. Assume further that {X/Z,B) has a log minimal model 
(Y/Z,By) on which \I{Ky + By)\ is base point free. Then, R{L) is a finitely 
generated A-algehra, and M^{L) is a finitely generated R{L) -module for any p 
and any torsion-free coherent sheaf ^ . 

Proof. Let f : W X and g: W Y he a common resolution. Then, we 
can write f*I{Kx + B) = g*I{KY + By) + E where E >Q and exceptional/F 
Remark 2.4]. Then, by letting Ly := I{Ky + By) we have R{L) ~ R{Ly) 
as y4- algebras and this is a finitely generated A-algebra as |Ly| is base point 
free by assumptions. In particular, the above ring is Noetherian. Let 5f be 
any torsion-free coherent sheaf on Y and let vr: y — )■ T/Z be the contraction 
defined by \Ly\. There is a very ample/Z divisor N onT such that Ly ~ 7r*A^. 
Then, by the projection formula 

7r,(^(mLy)) ^ (7r,^)(mAr) 

hence 

i/°(y,^(mLy)) ~ i7°(T, (7r,^)(mA^)) 

so R{Ly) ~ R{N) as A-algebras and M^{Ly) ~ M^_^^{N) as modules. By 
Theorem 12.71 M^^^{N) is a finitely generated i?(A^)-module hence M^(Ly) is 
a finitely generated -R(Ly)-module. 

Now we prove the finite generation of M^{L). By Theorem 12.51 (1), we may 
assume that ^ = &x{G) where G is some very ample/Z divisor. We have 
isomorphisms 

H\X, mL + G)^ H^{W, f*mL + f*G) 

and this is isomorphic to a subspace of H^(Y,mLY + g*f*G). So, Mq{L) is 
isomorphic to a submodule of M'^^^tQ{LY). Therefore, Mq{L) is a finitely gen- 
erated -R(L)-module as M^^j g^Ly) is a finitely generated -R(Ly)-module. 

□ 

Theorem 4.2. Assume that Z = pt and L is a Cartier divisor on X . Assume 
that for any very ample divisor G the module Mq{L) is finitely generated over 
R{L). Then, abundance holds for L, that is, k,{L) = Ha{L). 

Proof. The inequality k{L) < K,a{L) follows from the fact that k{L) = k{JL) 
and Ka{L) = Ka{JL) for any positive integer J and the fact that for some J 
and certain constants Ci, C2 > we have 

cim'^(^) < h%X,mJL) < C2m^^^^ 

for any m ^ 0. 

For the converse k{L) > Ka{L), we may assume that K,a{L) > and we can 
choose a very ample divisor G so that Ka{L) satisfies 

h%X,mL + G) 
lim sup 77T > 
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By assumptions, Mq{L) is a finitely generated i?(L)-module. Let {ai, . . . , a^} 
be a set of generators of homogeneous elements with rij := dega^. For any 
a G Mq{L) of degree m, there are homogeneous elements Oj G R{L) such that 
a = ajOj. It is clear that degOj = m — rii. Thus, 

(m - + ■ ■ ■ + /i°(X, (m - n^)L) > /i°(X, niL + G) 

which implies that 

h\X,{m-ni)L) + --- + h\X,{m-nr)L) ^ 
lim sup 77T > 

hence fi{L) > Ka{L)- 

□ 

The following theorem is well-known (cf. |12j). 

Theorem 4.3. Let L be a Cartier divisor on X with h^{X,nL) 7^ for some 
n > 0. Then, the following are equivalent: 

(1) R{L) is a finitely generated A-algebra; 

(2) there exist a projective birational morphism f : W X from a smooth 
variety, a positive integer J, and Cartier divisors E and F such that \F\ is base 
point free, and 

Mov f*m J L = mF and Fix f*m J L = mE 
for every positive integer m. 

Proof. Assume that R{L) is a finitely generated A-algebra. Perhaps after re- 
placing L with JL for some positive integer J, we may assume that the algebra 
R{L) is generated by elements ai, . . . , of degree 1, and that there is a res- 
olution f:W-^XoYi which f*L = F + E where F is free, Mov f*L = F, 
and Fix f*L = E. We could in addition assume that F > with no common 
components with E. Obviously, Fixmf*L < mE for any m > 0. Suppose that 
equality does not hold for some m > 0. Take m > minimal with this property. 
There is a G mf*L) and a component S of E such that /is'(a) < where 

fi stands for multiplicity, that is, the coefficient and (a) is the divisor associ- 
ated to the rational function a. Since E = Fix f*L, m > 1. By assumptions, 
a = ^aittj where a, are elements of H^(W, (m — l)f*L). Thus, 

^,s{a) > min{fis{ai) + fisiat)} 

Assume that the minimum is equal to fis{0'j) + l^si^ij) for some j. Since E = 
Fix f*L, we have fisictj) > hence > fis{o,j) + l^s{c(j) > l^s{(^j)- This is a 
contradiction since the minimality of m ensures that fJ's{(^j) ^ 0. 

Conversely, assume that there exist f:W^X,J,E, and F as in the 
theorem. Then, R{JL) ~ R{f*JL) ~ R{F) is a finitely generated A-algebra as 
\F\ is base point free. This implies that R{L) is a finitely generated A-algebra 
by the so-called truncation principle [T2l Theorem 4.6]. 

□ 
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Theorem 4.4. Let L be a Cartier divisor on X with h^{X^nL) ^ for some 
n > and that R{L) is a finitely generated A-algebra. Assume further that 
Mq,{L) is a finitely generated R{L)-module for any very ample/Z divisor G' . 
Let /, W, F, E, J be as in Theorem \4.3[ Fix a nonnegative integer r and a very 
ample/Z divisor G on W. Then, 

Supp Fix(m(/VL + rF) + G) = Supp E 

for every integer m ^ 0. 

Proof. Let G' be a very ample/Z divisor on X such that G < f*G'. By 
assumptions, R{L) is a Noetherian ring and M = M^,{L) is a Noetherian 
i?(L)-module. Moreover, R{L) is integral over the ring R{L)^'^^ which imphes 
that M is a finitely generated _R(L)['^]-module. Put Nq = ©m>o ^"^.o where 
Nmfl = Mm if J\m but N^a = otherwise, as in Remark |2.3[ Since Nq is an 
i?(L)['^l-submodule, it is finitely generated over This corresponds to 

saying that Mq,{JL) is a finitely generated i?(JL) -module. On the other hand, 
MQ{f*JL) is a submodule of Mj,Q,{f*JL) hence a finitely generated R{f*JL)- 
module. Thus, after replacing L with f*JL and X with W we can assume that 
J = 1 and W = X. We may also assume that F,G > and that F + G has no 
common component with E. 
Obviously, 

SuppFix(m(L + rF) + G) C Supp E 

for every integer m > 0. Assume that there is a component S of E which does 
not belong to Supp Fix(m(L + rF) +G) for some m > 0. Let a G H^{X,m{L + 
rF) + G) so that 

S ^ Supp((a) + m{L + rF) + G) 

which in particular means that fis{(^) = —mfisE. Since 

(m + mr)L + G = m{L + rF) + G + mrE 

and mE > 0, there is a' in Mq{L) of degree m + mr such that a' = a as 
rational functions on X. 

Assume that {ai, . . . , a^} is a set of homogeneous generators of Mq{L) with 
Ui := degofj. We can write a' = ^aja, where a, e R{L) is homogenous of 
degree m + mr — rii. Therefore, 

/i5(a') > min{/i5(ai) + ^is{ai)] 

Since 

Fix(m + mr — nj)L = (m + mr — 
we have Hs{o-i) ^ hence if the above minimum is attained at index j, then 

-mfisE = fis{a) = fisi^') > fJ-si^j) 

from which we get mfisE < —^s{<^j)- This means that such m cannot be too 
large so the theorem holds for m ^ 0. 

□ 



Next, using the results of [5], we can prove the converse of Theorem 14.11 
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Theorem 4.5. Assume that {X/Z,B) is Ic and assume that there is a positive 
integer I such that 

(1) L := I{Kx + B) is Cartier and pseudo-effective/ Z , 

(2) -R(L) is a finitely generated A-algebra, and 

(3) for any very ample/ Z divisor G the module Mq{L) is finitely generated 
over R{L). 

Then, there is a log minimal model {Y/Z, By) for {X/Z, B) on which Ky+By 
is semi-ample/ Z . 

Proof. We may assume that X — )■ Z is surjective. Let V be the generic fibre 
of X ^ Z. As Z is affine, by base change theorems, R{L\v) — R{L) 0^ K 
is a finitely generated if-algebra, and M^j^(L|y) — Mq{L) ®a -ft' is a finitely 
generated i?(L|v')-module where K is the function field of Z and G is any very 
ample/Z divisor on X. By Theorem 12.51 and Theorem 14. 2 [ k{L\v) > which 
in particular implies that h^{X,nL) ^ for some n > 0. 

Let /, W, E, F, J be as in Theorem 14. 3[ We may assume that / gives a log 
resolution of {X/Z,B). Let Bw be B'" plus the reduced exceptional divisor of 
/ where is the birational transform of B. We can write 

JI{Kw + Bw) = JIf\Kx + B) + E' 

where ii^' > is exceptional/X. Pick any a G H^{W,mJI{Kw + Byy)) and let 

P := (a) + mJI{Kw + Bw) = (a) + mF + mE + mE' 

Since P — mE' = 0/X, P — mE' > by the negativity lemma. On the other 
hand, Fix(P — mE') = mE hence P — mE' > mE. This implies that 

FixmJI{Kw + Bw) = mE + mE' and Mov mJI{Kw + Bw) = mF 

It is enough to construct a log minimal model for {W/Z, Bw) with the required 
properties. Note that (W/Z,Bw) satisfies the conditions (1) and (2) of the 
theorem, automatically. Condition (3) is also preserved: if G is a very ample/Z 
divisor on W, there is a very ample/Z divisor G' on X such that G < f*G' 
hence Mq{I{Kw + Bw)) is a finitely generated R{I{Kw + -Bvy))-module as it 
is a submodule of M'}.(.,{I{Kw + Bw)) ^ M^,{I{Kx + B)). Therefore, by 
replacing {X/Z, B) with (W/Z, Bw) from now on we can assume that W = X, 
f is the identity and E' = 0. Let g: X ^ T he the contraction/Z defined by 

Let F' be a general element of \F\. We can choose a very ample/Z divisor 
G > so that Kx + B + rF' + G is nef/Z and that {X/Z, B + rF' + G) is dh. 
Run the LMMP/Z on Kx + B + rF' with scaling of G. By boundedness of 
the length of extremal rays due to Kawamata, if r is a sufficietly large integer, 
then the LMMP is over T, i.e. only extremal rays over T are contracted. 
Suppose that, perhaps after some log fiips and divisorial contractions, we get 
an infinite sequence of log fiips Xi --^ Xi/Zi. Let Aj be the numbers appearing 
in the LMMP with scaling in the above sequence of log fiips, that is, Kxi + 
Bi + rFl + XiGi is nef/Z and numerically trivial over Zi where Bi,Fl,Gi are 
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birational transforms on Xj. By [5], A := liniAj = 0. Moreover, for each i, 
Kx^ + Bi + rFl + XiGi is semi-ample/Z. Thus, if 5* is a component of E not 
contracted by the LMMP, then there exist 

Q<N,^QKx + B + rF' + XiG 

not containing 5". This contradicts Theorem 14.61 and Theorem 14.41 Therefore, 
E is contracted by the LMMP and Kxi + Bi + rFl is Q-hnearly a muhiple of F/. 
But is base point free as the LMMP we ran is over T. Thus, the LMMP 
terminates with a log minimal model satisfying the desired properties. 

□ 

The following theorem was proved by Nakayama [TOl Theorem 6.1.3]. He 
treated the case Z = pt but his proof works for general Z. For convenience of 
the reader we present his proof. 

Theorem 4.6. Assume that W ^ Z = Spec A is a projective morphism from 
a smooth variety, w & W a closed point, and D a Cartier divisor on W . As- 
sume further that for some effective divisor C there exist an infinite sequence of 
positive rational numbers ti > t2 > ■ ■ ■ with limtj = 0, and effective Q-divisors 
Ni ~(g) D + tiC with w ^ Supp iVj. Then, there is a very ample/ Z divisor G on 
W such that w ^Bs \mD + G\ for any m > 0. 

Proof. Let /: W W he the blow up at w with E the exceptional divisor, 
D' = f*D, C' = f*C, and = f*Ni. Let G be a very ample/Z divisor on W 
such that H := f*G — Ky/' — E is ample/Z and H — eC' is also ample/Z for 
some e > 0. Put G' = f*G. For each m > 0, we can write 

mD' + G" = Kw' + E + H + mD' = Kw' + E + H- mtiC' + m{tiG' + D') 

~Q Kw' + E + H - mtiC' + mN'i 

where we choose ti so that mti < e. By assumptions, E does not intersect N[. 
Thus, the multiplier ideal sheaf J^j of mN[ is isomorphic to G'w' near E. In 
particular, we have the natural exact sequence 

^ J^,{mD' + G' -E)^ ^,{mD' + G') ^EirnD' + G') ^ 

from which we derive the exact sequence 

H^{W', J^i{mD'+G')) H%E, (mD'+G')U) ^ H\W', J^i{mD' ^G' -E)) = 

where the last vanishing follows from Nadel vanishing. On the other hand, 
{mD' + G')\e ~ hence some section of J^i{mD' + G') does not vanish on E. 
But 

^iimD' + G') C ^w>{mD' + G') 

so some section of ^w'{f^D' + G') does not vanish on E which simply means 
that w is not in Bs \mD + G\. 

□ 

The next result is useful for inductive treatment of finite generation as illus- 
trated in [1]. 
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Theorem 4.7. Let / : X — )■ Y/Z he a surjective morphism of normal varieties, 
projective over an ajfine variety Z = Speci?, and L a Cartier divisor onY. If 
R{X/Z, f*L) is a finitely generated R- algebra, thenR{Y/Z,L) is also a finitely 
generated R-algebra. 

Proof. If / is a contraction, the claim is trivial by the projection formula. So, 
replacing / by the finite part of the Stein factorisation we may assume that / 
is finite. We have a natural injective <^y-morphism 0: f*^x- Moreover, 

since we work over C, we also have a i^y-morphism ip: — >" given by 
^j^Tracex/y such that is the identity morphism on (cf. [9l Proposition 
5.7]). We actually have a splitting f^^x — ® ^ such that corresponds to 
the natural injection and -0 to the first projection. So, for each m > 0, we have 
induced maps 

H\Y, ey{mL)) ^ H\Y, ~ E\X, ^x{mf*L)) 

H\Y, {f,&x){mL)) ~ H\X, {&x{mf*L)) ^ H\Y, &y{mL)) 

where the upper map is injective and the lower map is surjective. Thus, we get 
an injection vr: R{Y/Z, L) — R{X/Z, f*L) and a surjection yu: R{X/Z, f*L) — )► 
R{Y/Z,L) whose composition gives the identity map on R{Y/Z,L). Here, vr 
is an L)-algebra homomorphism but fi is only an L)-module 

homomorphism. Let / be an ideal of R{Y/Z,L) and let /' be the ideal of 
R{X/Z,f*L) generated by 7r(/). We show that n-^I' = I. Let c G n-H'. We 
can write 7r(c) = ^ 7r(aj)aj where at & I and G R{X/Z, f*L). Now, 

c = /i(vr(c)) = iJ,C^Tc{ai)ai) = ^ /i(7r(ai))/i(ai) = ^ai/i(ai) 

hence c is in the ideal I. 

Assume that R{X/Z, f*L) is a finitely generated i?-algebra. Then, R{X/Z, f*L) 
is Noetherian. Let Ji C C ■ ■ ■ be a chain of ideals of R{Y/Z,L) and let 
-^1 ^ -^2 — ■ ■ ■ be the corresponding chain of ideals in R{X/Z, f*L). Since 
R{X/Z, f*L) is Noetherian, the latter chain stabilises which implies that the 
former sequence also stabilises as tt^^Ij = Ij. Therefore, R{Y/Z, L) is Noether- 
ian which is equivalent to saying that it is a finitely generated i?-algebra because 
R{Y/Z,L) is a graded i?-algebra and the zero-degree piece of R(Y/Z,L) is a 
finitely generated i?-algebra. 

□ 
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